Here we examine a lattice-gas model that has been extended to include collective shear moves and friction interactions between particles. A shearlike field is applied by periodically translating entire subsections of the lattice with respect to one another, as opposed to biasing the individual movements of particles. Friction is introduced by forming a network of temporary bonds between particles that prevent particles from moving along with the flow. The extent of the network is controlled by the sticking parameter, P stk . We find that there are two distinct phases in the model: an isotropic phase that exhibits only small fluctuations in local density, and a striped phase that features one or more large clusters of particles that span the system. We examine the transition between these two phases using the radial distribution function. By introducing a measure of viscosity, we examine the relationship between the viscosity and shear rate for many different densities and values of P stk , and pursue an analogy to colloidal shear-thickening systems.
I. INTRODUCTION
Systems out of equilibrium exhibit phenomena that are qualitatively different from those observed in equilibrium. In recent years, much progress has been made in developing both the theoretical foundation ͓1-4͔ and numerical methods ͓5-8͔ for characterizing the statistics of such systems; selected statistics have also been experimentally measured ͓9-11͔. A classic paradigm of a nonequilibrium steady state is a system subject to shear forces, and the important role played by shear forces in many physical and biological processes have motivated their numerical study in a variety of contexts. These include polymers in flowing solvent ͓12,13͔, crystal nucleation ͓14,15͔, and viscous colloidal suspensions ͓16-18͔.
Lattice models have been used extensively to describe nucleation and growth of domains in equilibrium systems ͓19-22͔, and thus it is natural to extend them to nucleating systems under shear ͓14,23-25͔. A shearlike force with its gradient in the upward direction can be imposed on a lattice model by periodically picking rows of the lattice at random, and translating all rows above that row one unit in a prespecified direction. In Cavagna et al. ͓23͔ , this shear mechanism is used with an Ising model with Metropolis ͓34͔͑single spin-flip͒ dynamics to demonstrate an analytical formalism for the power-law growth of domains under shear. Cirillo et al. ͓24͔ performed a much more extensive numerical analysis of this sheared Ising model using the same dynamics. The sheared Ising model was also used by Allen et al. ͓14, 25͔ to study nucleation and growth processes using Forward Flux Sampling ͓26-28͔. In the latter work it was found that shear introduces competing processes ͑shear-mediated breakup at large shear rates, and shear-induced coalescence at small shear rates͒ that produce a nonmonotonic dependence of the cluster growth rate on the rate of shear.
Studies of the sheared Ising model with Metropolis dynamics do not conserve magnetization ͑representing mass͒. Here we study this collective shear mechanism in a lattice model with Kawasaki ͑spin swap͒ dynamics ͓29͔. We also include a friction process, that is modeled by introducing a "sticking" parameter ͑P stk ͒ that controls the likelihood that particles are prevented from moving with the shear flow by other particles. To more clearly see the effects of these processes, we set the spin-spin interaction term in the Ising Hamiltonian to zero, and our model then becomes a lattice gas ͓30-32͔. We explore P stk , the shear rate ͑␥͒, and the density to obtain a phase diagram with two distinct phases: isotropic and striped. Furthermore, we define a viscosity by the resistance to flow, and investigate the relationship between this quantity and the shear rate; we find that our model is monotonically shear thickening. We present an analogy to certain colloidal shear-thickening systems in Sec. IV.
II. METHODS
We study a two-dimensional lattice-gas model that is composed of an array of spins, i ͕−1,1͖. We interpret sites with i = 1 to have a high density of particles, and sites with i = −1 to have a low density of particles, as determined by some threshold density. To initialize the system, dL 2 lattice sites are chosen at random and assigned i = 1, and the rest are assigned i = −1, where d is the density of particles in the system. In between shear moves, the dynamics of the system is as follows. A random lattice site is chosen, along with one of its four nearest neighbors; if the two sites have different spin values, then they are swapped. A "sweep" repeats this process L 2 times. The model has simple periodic boundary conditions in the x direction and Lees-Edwards boundary conditions ͓33͔ in the y direction, which move the periodic images of the top and bottom rows with respect to each other.
We use the mechanism of Allen et al. to shear the system ͓14͔. After each sweep, nL shear moves are attempted. During each attempt, a random number, 0 Ͻ r Ͻ 1, is chosen and if r Ͻ P sh , a random row is selected, and all spins in the rows above the selected row are moved forward by transforming their x coordinates ͑x → x +1͒. The shear rate is then given by ␥ = nP sh . Before each shear move, temporary connections that last for the duration of the shear step are established between adjacent up-spins ͑high-density regions͒ in the fol-lowing manner. Starting from the row that is selected for the shear step, up-spins on that row are connected to adjacent up-spins ͑if any exist͒ with probability P stk ͑the sticking parameter͒. If there are up-spins on the row above that are adjacent to these "connected" up-spins, they also become connected with probability P stk . Connections can also be made between adjacent up-spins of the same row. The algorithm continues searching upward until there are either no more connected spins on the previous row or the Lth row is reached. No connections are created across the top border of the system, since they would violate the Lees-Edwards boundary conditions. In this way, a network of connected up-spins is formed that spans the shear boundary, the extent of which is controlled by the sticking parameter P stk . An up-spin can only move along with the shear flow if: ͑i͒ it is not connected, and ͑ii͒ there is an empty space ͑a down-spin͒ available immediately in front of it. These dynamics are illustrated in Fig. 1 .
III. RESULTS

A. Phases
In our model, the dynamic behavior of the system is controlled by three parameters. These are the density of particles ͑d͒, the sticking probability ͑P stk ͒, and the shear rate ͑␥͒. By varying these three parameters, we can identify two different phases. These are shown in a phase diagram for d = 0.2 and L = 1024 ͑Fig. 2͒.
For low P stk or low ␥, clusters do not form and the system remains isotropic, with small fluctuations in density. For larger values of P stk and ␥, the density fluctuations become much larger, and their correlation length diverges; a single stripe forms that spans the system many times in the horizontal direction ͑through the periodic boundary͒ and once in the vertical direction. For the largest values of P stk and ␥, we observe multiple stripes extending upward from the bottom row that are stable for long times. Figure 3 shows characteristic snapshots of the system that exhibit these behaviors.
To investigate the transition between the isotropic and striped phases, we observe the radial distribution function for the particles:
where h i is an indicator function equal to 1 if there is a particle at site i and 0 otherwise. For consistency with the directional nature of interactions on the lattice, we define r ij using the Manhattan norm
For systems that are completely isotropic, g͑r͒ should approach unity for all r. Figure 4 plots ͑r͒ = g͑r͒ − 1 for d = 0.2, P stk = 0.9, and 0.3Ͻ ␥ Ͻ 0.5. The transition between the isotropic phase and striped phase occurs abruptly at ␥ ‫ء‬ = 0.35, where g͑r͒ rises significantly for low values of r, and no longer decays to 1 for large r, signifying the development of large particle clusters. This transition can be more clearly observed by plotting the integrated area under ͑r͒ for different values of ␥. In Fig. 5 this is done for different system sizes. We find that the phase transition becomes more abrupt FIG. 1. ͑Color online͒ Snapshots before ͑left͒ and after ͑right͒ a shear step. Rows above the dotted blue line are sheared forward. Up-spins ͑white͒ with solid red lines through them are connected, and up-spins that are shaded gray are prevented from moving with the flow. showing the two types of behavior exhibited by this model. The phase boundary was fit to the form y = a 1 / x + a 2 that is chosen purely on its ability to fit the data, which is shown using the square points. The three large circles mark the parameters used to obtain the snapshots in Fig. 3 .
FIG. 3. System snapshots that capture the phenomenology of the model for L = 1024 and d = 0.2. ͑Left͒ The isotropic phase, where P stk = 0.8 and ␥ = 0.3. ͑Middle͒ The striped phase, where there are large fluctuations in density and the particle-particle correlation length diverges. Here P stk = 0.9 and ␥ = 1.0. ͑Right͒ For larger values of P stk and ␥ ͑here, 1.0 and 5, respectively͒, multiple stripes extend upward from the bottom that persist for long times, and are unable to collapse into a single stripe.
as L increases.
In panel c of Fig. 3 , which represents the highest values of P stk and ␥ that we examined, there are multiple stable stripes that extend upward from the bottom row. Since similar configurations exist transiently for lower values of P stk and ␥, it is likely that the configuration in panel c is metastable, and it would collapse to a single stripe over a time scale much longer than that studied here. Further investigation of such dynamics would be an interesting direction for future work.
B. Viscosity
To investigate the model further, we introduce a "lattice viscosity," f, which is the fraction of displacements that are prevented from moving by connected particles during the shearing process. This fraction is like a viscosity in that it captures the resistance to flow in the system. In our simulations, f = 0 corresponds to zero viscosity since there is no resistance to flow, and f = 1 corresponds to infinite viscosity since there is an infinite resistance to flow. In this section we use a smaller lattice size ͑L = 100͒ to more comprehensively explore the phase space.
To investigate the relationship between shear rate and viscosity for a variety of densities, we perform a series of simulations with P stk = 0.7. As a general trend, we see that viscosity increases with d and shear rate ͑Fig. 6͒. For the lowest densities ͑d Յ 0.1͒ the viscosity remains low as the shear rate increases. At the highest densities ͑d Ն 0.8͒, the viscosity is high regardless of shear rate. For all other densities, we find that there are threshold shear rates at which increases in viscosity occur, and these thresholds decrease as the density increases. In accordance with the phase diagram for L = 1024 ͑Fig. 2͒ we find that at low viscosity the particles are in the isotropic phase, and at high viscosity the particles form stripes.
To summarize the effect of the sticking parameter at different densities, we plot the onset shear rate, the minimum shear rate at which sudden significant increases in viscosity occur, as a function of density for different values of P stk ͑Fig. 7͒. The onset shear rates at particular densities decrease as the value of the sticking parameter increases. At P stk Ͻ 0.6 ͑not shown͒, there are no onset shear rates, since the viscosity as a function of shear rate is either maintained at a low value, as is the case for low densities, or the viscosity is maintained at a high value, as is the case for high densities. For the latter case, a high density of particles ensures that a spanning network of connections can be formed even with low values of P stk . We note that even for d =1, as P stk → 0 the viscosity must also approach zero, but since the system is Fig. 4 is plotted as a function of shear rate for different system sizes. As the size of the system increases, the critical shear rate decreases. In general, the width of the transition also decreases for increasing system size. The curves were obtained using data from four independent trajectories for each value of L; the integration range was 0 Յ r Յ L / 10. perfectly homogeneous the viscosity will still be independent of the shear rate, and thus an onset shear rate still cannot be defined.
IV. DISCUSSION
In the present study, we examine a lattice-gas model that is driven out of equilibrium by collective shear moves and friction. The simple set of dynamics used in the model consisted of swapping adjacent spins and collectively translating portions of the lattice. Movement of particles can be prevented by excluded volume and transient kinetic constraints. These dynamics give rise to two phases, one which is isotropic and another that features large stripes of particles that span the system. We examine the relationship between lattice viscosity, defined by the resistance to flow, and the three system parameters: the shear rate, the density of particles, and the probability that nearby particles stick to each other. We find that small increases in these parameters can lead to drastic increases in lattice viscosity, and these coincide with transitions from the isotropic phase to the striped phase.
Despite the simplicity of the model, there are similarities in behavior between these simulations and experiments that observe shear thickening. For a given density and sticking parameter, we observe an abrupt increase in viscosity at a critical shear rate. As the density of particles increases, this critical shear rate is reduced. Systems that maintain a low viscosity regardless of shear rate ͑either low density, or low P stk ͒ can be seen as analogous to Newtonian fluids with constant viscosity. At the other extreme, systems that maintain a high viscosity regardless of shear rate ͑either high density, or high P stk ͒ can be seen as analogous to permanently jammed systems, or solids.
There are also, expectedly, some fundamental differences between our simulations and rheological experiments. In a rheometer, viscosity is defined as a ratio of shear stress and shear rate. In the lattice model presented here, the particles do not have a well defined momentum, so we instead define viscosity by the resistance to flow. In this sense, our results are only applicable to experiments in the linear velocity flow profile regime, which only occurs at shear rates that are well beyond the thickening transition ͓35͔. Our model would thus be more applicable to systems where a smooth velocity profile is explicitly applied to the material, such as the flow of shear-thickening materials through a pipe. Also, in these simulations, the viscosity is a monotonically increasing function of shear rate, but shear-thickening materials typically also thin under appropriate conditions ͓36͔, such as under very high shear. The reason that we only see shear thickening is that there is no threshold sticking force, i.e., the sticking force always exceeds the shear force. For shear thinning to occur at high shear in this model, we would need to describe the competition between the force imposed by the shear flow, and the sticking force that resists the shear flow. In cases where the former force exceeds the latter, the previously joined particles should be allowed to slide past each other. Sellito and Kurchan ͓37͔ previously studied a spin-glass-like model with directional interactions between sites ͑i.e., J ij J ji ͒; that model exhibits a reentrant phase diagram with thinning and thickening, but the shearlike force enters in a much less transparent way.
The creation of chains of particles that vertically span the system is a common feature observed in our simulations. Although no forces are included in this model, these chains provide an interesting analogy to force chains in experimental systems ͓38͔. Force chains that vertically span the system are necessary to generate the stress that is measured in a rheometer: the force of the moving plate must propagate through the system to the stationary plate. In our simulations we find that shear-thickening behavior is linked with the formation of dense clusters of particles, and that these chains are oriented diagonally with respect to the direction of the applied shear. Intuitively, these dense clusters of particles would be effective in transmitting a force from a "top" plate to a "bottom" plate. The creation of these particle chains follows from a simple kinetic mechanism. Shearing brings particles into contact, which creates more opportunities for particles to make connections and form clusters. At low shear rates, the system has more time in between shear steps to allow particles to diffuse so clusters can break apart. At high shear rates, the clusters do not have a chance to diffuse, and, with the help of the sticking parameter, spanning structures stay intact and cause large increases in viscosity. This spanning structure argument could then explain the existence of critical shear rates for thickening.
The existence of a sticking parameter in our model, though open to interpretation, could be used to explain why some materials shear thicken and others do not. At a low sticking parameter, particle chains never form for systems with low or intermediate densities regardless of shear rate. In these cases, the viscosity in our model-and, we suggest in experiment-is thus independent of shear rate. A high Onset Shear Rate Density P stk = 0.6 P stk = 0.7 P stk = 0.8 P stk = 0.9 FIG. 7. ͑Color online͒ Onset shear rate ͑P sh at which significant jumps in viscosity occur͒ vs density at different values for P stk . The onset shear rate for values of P stk below 0.6 are not defined, as significant jumps in viscosity no longer occur. The shear rate of 0.02 is the second lowest shear rate we examine here, and hence is the lowest attainable value on the y axis.
sticking parameter material, on the other hand, has the ability to form stable chains of particles with relatively low particle densities. We conclude by noting that in our simulations, the "sticking force" is different than an electrostatic attractive force between particles. Electrostatic attractions between particles are longer in range and nondynamic, and usually lead to a large yield stress that "masks" any sign of shear thickening ͓39͔. A better analogy for the sticking force could be any kinetic or thermodynamic effect that discourages particles from separating, such as hydrodynamic effects after collision ͓40,41͔.
